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Abstract Let H be a set of disjoint faces of a cubic bipartite polyhedral graph
G. If G has a perfect matching M such that the boundary of each face of H is an
M-alternating cycle (or in other words, G − H has a perfect matching), then H is
called a resonant pattern of G. Furthermore, G is k-resonant if every i (1 � i � k)

disjoint faces of G form a resonant pattern. In particular, G is called maximally res-
onant if G is k-resonant for all integers k � 1. In this paper, all the cubic bipartite
polyhedral graphs, which are maximally resonant, are characterized. As a corollary,
it is shown that if a cubic bipartite polyhedral graph is 3-resonant then it must be
maximally resonant. However, 2-resonant ones need not to be maximally resonant.
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1 Introduction

The concept of resonance was proposed according to Clar’s aromatic sextet theory [2]
and Randić’s conjugated circuit model [9–13]. The k-resonance of many molecular
graphs, including fullerene graphs and boron-nitrogen fullerene graphs, were investi-
gated [1,7,14,15,17–20,22,23]. Every fullerene graph is shown to be 1-resonant but
not all fullerene graphs are 2-resonant [17]. 3-resonant ones were also characterized.
Especially, it was shown that 3-resonant fullerene graphs are also k-resonant (k > 3).
However, every boron-nitrogen fullerene graph is 2-resonant [19]. Likely, 3-resonant
boron-nitrogen fullerene graphs are k-resonant (k > 3). Both fullerene graphs and
boron-nitrogen fullerene graphs are cubic polyhedral graphs. Here a polyhedral graph
is the graph formed from the vertices and edges of a convex polyhedron. By Steinitz’s
Theorem [16], a graph is a polyhedral graph if and only if it is a 3-connected sim-
ple planar graph. In this paper, we consider the k-resonance of general cubic (i.e.,
3-regular) bipartite polyhedral graphs.

Let G be a polyhedral graph in the plane. Its every face corresponds to a face of
the corresponding convex polyhedron of G. By Euler’s formula, there are at least
six square faces in every cubic bipartite polyhedral graph. When a cubic bipartite
polyhedral graph has exactly six squares, it is a boron-nitrogen fullerene graph (i.e.,
3-connected cubic plane bipartite graphs with six square faces and others hexagonal).
A set of disjoint even faces H of a polyhedral graph G is a resonant pattern if G − H
has a perfect matching. For a positive integer k, if every set of no more than k disjoint
faces (the outer face may be included) of G (if it has) forms a resonant pattern, then
G is called k-resonant. Especially, if G is k-resonant for every integer k � 1, then it
is called maximal resonant.

It was shown in [21] that each face of a plane bipartite graph is a resonant pattern if
and only if this graph is elementary (i.e., its every edge lies in some perfect matching
of the graph). Since the edges of an r -regular bipartite graph G can be decomposed
into r disjoint perfect matchings [8], G is elementary. Hence every cubic bipartite
polyhedral graph is 1-resonant.

For boron-nitrogen fullerene graphs [19] as well as benzenoid systems [22,23], cor-
onoid systems [1], open-end nanotubes [18], toroidal polyhexes [14,20], Klein-bottle
polyhexes [7,15] and fullerene graphs [17], it was shown that if they are 3-resonant,
then they are maximally resonant; that is to say, to decide whether they are maximally
resonant, it suffices to decide whether they are 3-resonant. For detail information on
resonant theory and the corresponding results, we may refer to [2,4–6,9–13,21]. In
this paper, our aim is to characterize the maximally resonant cubic bipartite polyhedral
graphs and find the smallest positive integer k such that any k-resonant cubic bipartite
polyhedral graph must be maximal resonant.

A graph G is cyclically k-edge connected if G cannot be separated into two com-
ponents, each of which contains a cycle, by deleting fewer than k edges. The cyclical
edge-connectivity of G, denoted by cλ(G), is the greatest number k such that G is
cyclically k-edge connected. Since a cubic bipartite polyhedral graph has at least six
squares and is 3-connected, its cyclical edge-connectivity is either 3 or 4. The following
result was already shown in [19].
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Fig. 1 The graph G0

Theorem 1.1 All boron-nitrogen fullerene graphs with cyclical edge-connectivity 3
are k-resonant for any k � 1 (i.e., maximally resonant).

Surprisingly, we show that if a cubic bipartite polyhedral graph with cyclical edge-
connectivity 3 is k-resonant (k � 3), then it is necessarily a boron-nitrogen fullerene
graph. But if a cubic bipartite polyhedral graph has cyclical edge-connectivity 4, then
it is k-resonant (k � 3) if and only if all its vertices can be covered by a set of disjoint
squares with only one exception G0 (the graph described in Fig. 1) which is also a
boron-nitrogen fullerene graph. The maximally resonant cubic bipartite polyhedral
graphs are then characterized. The main results we obtain in this paper contain the
special case of boron-nitrogen fullerene graphs [19].

Moreover, it implies that if a cubic bipartite polyhedral graph is 3-resonant, then it
is necessarily maximally resonant. However, Fig. 10. provides an example to show that
3 is the smallest positive integer k such that any k-resonant cubic bipartite polyhedral
graph must be maximally resonant.

2 Maximal resonance of cubic bipartite polyhedral graphs with cyclical
edge-connectivity 3

In a graph G, let V (G) and E(G) be the vertex set and edge set of G, respectively.
|V (G)| and |E(G)| denote their sizes. The vertices of degree 2 of a path P are called
the internal vertices of P . Note that if G has n vertices and more than n−1 edges, then
G must contain a cycle. Moreover, in a 3-connected cubic plane graph, each vertex is
incident to exactly three faces and two adjacent faces share at least one edge.

Let Tn (n � 1) [3] be the graph consisting of n concentric layers of hexagons,
capped on each end by a cap formed by three pairwise adjacent squares (see Fig. 2).
Then Tn is a boron-nitrogen fullerene graph with cyclical edge-connectivity 3. In fact
[3,19], Tn (n � 1) are the only boron-nitrogen fullerene graphs with cyclical edge-
connectivity 3. Although boron-nitrogen fullerene graphs form a small class of cubic
bipartite polyhedral graphs, we find that Tn (n � 1) are the only maximally resonant
cubic bipartite polyhedral graphs with cyclical edge-connectivity 3.

Theorem 2.1 A cubic bipartite polyhedral graph G with cλ(G) = 3 is k-resonant
(k � 3) if and only if G ∼= Tn for some n � 1.

Proof It is known in [19] that Tn is k-resonant for every integer n � 1. It suffices to
prove the only if part.

Let G be a cubic bipartite polyhedral graph with cλ(G) = 3 and L = {e1, e2, e3}
a cyclical 3-edge cut set of G. Suppose that H1 and H2 are the two components of

123



J Math Chem (2010) 48:676–686 679

Fig. 2 The graph T3

Fig. 3 The illustration for the
proof of Theorem 2.1

G − L . Since G is cubic and 3-connected, e1, e2 and e3 are disjoint and H1, H2 are
2-connected. Let Fi (i = 1, 2) be the face of Hi that contains Hj (i �= j ∈ {1, 2})
and Ci the boundary of Fi . Then C1 and C2 are cycles. And then each of e1, e2 and
e3 has one end on C1 and the other one on C2. Let ei = uivi , where ui ∈ V (C1) and
vi ∈ V (C2) for i = 1, 2, 3. Since Hi (i = 1, 2) contains three 2-degree vertices and
the others of degree 3, |V (Hi )| is odd. Since G is bipartite, we color the vertices of G
properly by black and white.

To obtain the structure of G, by symmetry it suffices to discuss the structure of one
of H1 and H2. Without loss of generality, we take H1 into consideration. The cycle
C1 is divided into three edge disjoint segments (paths) by u1, u2 and u3. Namely, they
are u1 − u2, u2 − u3 and u3 − u1 (see Fig. 3). Let fi (i = 1, 2, 3) be the face of H2
containing vi which is different from F2. Firstly, we have the following assertion.

Claim 1 Each of u1 − u2, u2 − u3 and u3 − u1 contains odd number of internal
vertices.

Proof We only need to show that u1, u2 and u3 receive the same color. Suppose to
the contrary that u1 receives the color different from the other two. Without loss of
generality, suppose that u1 is black and u2, u3 are white. Let f be the faces of G whose
boundary contains e2 and e3. Since G is 1-resonant, G − f has a perfect matching M .
If e1 ∈ M , then |V (H1 − f − u1)| is even. Since u2 and u3 are white, |V ( f ∩ H1)| is
odd. Then |V (H1)| is even. It is a contradiction. If e1 /∈ M , then H1 − f contains the
same number, say n1, of black vertices and white vertices, among them only u1 is of
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Fig. 4 The illustration for the
proof of Case 1 of Theorem 2.1

degree 2. f ∩ H1 is a path with the two end vertices u2 and u3 colored white. Suppose
that f ∩ H1 has n2 white vertices. Then f ∩ H1 has n2 − 1 black vertices. The degree
sum of black vertices of H1 is 3n1 − 1 + 3(n2 − 1) = 3(n1 + n2)− 4 while the degree
sum of white vertices of H1 is 3n1 + 3n2 − 2 = 3(n1 + n2) − 2. This is impossible,
since in the bipartite graph H1, the degree sums of black vertices and white vertices
are equal. Hence u1, u2 and u3 receive the same color. ��
Claim 2 Each of u1 − u2, u2 − u3 and u3 − u1 contains exactly one internal vertex.

Proof Suppose to the contrary that at least one of the three segments, say u3 − u1,
contains more than one internal vertex. Let u′′

1 be an internal vertex of u3 −u1 adjacent
to u1. Note that u1, u2 and u3 are all 2-degree vertices in H1. Let hi (i = 1, 2, 3) be
the face of H1 different from F1, whose boundary contains ui . We consider two cases:

Case 1 There exists a segment, say u1 − u2, containing only one internal vertex, say
u′

1 (see Fig. 4).

There are two faces of H1 different from F1 and h1 containing u′
1 and u′′

1, respec-
tively. Denote these two faces by h′

1 and h′′
1, respectively. Then h′

1 = h2. There is
also a face of H1 different from F1 and h2, named h′

2, whose boundary contains the
neighbor, say u′

2, of u2 on u2 − u3.
If h′

1(= h2) and h′′
1 are disjoint, then u1 is an isolated vertex of G − h2 − h′′

1 − f1.
This contradicts the 3-resonance of G. But if h2 is adjacent to h′′

1, then h1 and h′
2 are

disjoint. Then u2 is an isolated vertex of G −h1 −h′
2 − f2. This is also a contradiction.

Case 2 Each of the three segments has at least three vertices.

Let u′
i and u′′

i (i = 1, 2, 3) be the two neighbors of ui on C1. Let h′
i and h′′

i be
the two faces of H1 different from F1 and hi that contain u′

i and u′′
i , respectively (see

Fig. 5). If h′
i and h′′

i are disjoint for some i (1 � i � 3), then G − h′
i − h′′

i − fi leaves
the isolated vertex ui . This is a contradiction. Hence, h′

i and h′′
i are adjacent or the

same face for i = 1, 2, 3. Then h1, h2, h3 are pairwise disjoint. Since |V (H1)| is odd,
H1 − h1 − h2 − h3 has at least one odd component which is also a component of
G − h1 − h2 − h3. This contradicts the 3-resonance of G. ��
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Fig. 5 The illustration for the
proof of Case 2 of Theorem 2.1

Hence, there is exactly one internal vertex on each segment and these three internal
vertices have the same color. Moreover, |V (H1 − C1)| is odd. If |V (H1 − C1)| = 1,
then H1 is a cap consists of three pairwise adjacent squares. Otherwise |V (H1−C1)| =
n � 3. Then the number of edges of H1 − C1 is 3n−3

2 = n − 1 + n−1
2 > n − 1, which

means that H1 − C1 contains a cycle. Let e′
1, e′

2 and e′
3 be the three edges between C1

and H1 − C1. Then {e′
1, e′

2, e′
3} is another cyclical 3-edge cut set and each of them has

one end on C1 and the other end on a cycle, named C3, of H1 − C1. Then the whole
situation is repeated for C3 until we get the cap consisting of three pairwise adjacent
squares.

For H2, the discussion is similar. Hence G ∼= Tn for some n � 1. ��

3 Maximal resonance of cubic bipartite polyhedral graphs with cyclical
edge-connectivity 4

Throuhout this section, we use G to denote a cubic bipartite polyhedral graph with
cλ(G) = 4. Then G has the following structural property.

Lemma 3.1 G has no edge cuts consisting of at most three edges, where two of them
are disjoint.

Proof Suppose to the contrary that C is an edge cut of three edges and two edges of
C are disjoint. Let H1 and H2 be the two components of G − C . Let ni (i = 1, 2) be
the number of vertices of Hi . Since two edges of C are disjoint, ni � 2 for i = 1, 2.
Then the degree sum of Hi (i = 1, 2) is 3ni − 3. Thus the number of edges of Hi is
3ni −3

2 = ni − 1 + ni −1
2 > ni − 1. Hence each of H1 and H2 contains a cycle and

C is thus a cyclical edge cut set with size less than 4. This contradicts the fact that
cλ(G) = 4. ��

The following property has been proved for the special case of boron-nitrogen
fullerene graphs [19]. It holds also in the general case.
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Fig. 6 The illustration for the
proof of Lemma 3.2

(a) (b)

Lemma 3.2 If G is 3-resonant, then each vertex of G is covered by a square.

Proof Suppose to the contrary that there is a vertex v of G that does not lie on any
square.

Let v1, v2 and v3 be the three neighbors of v and ei = vvi for i = 1, 2, 3.
fi (i = 1, 2, 3) denotes the face of G whose boundary contains {e1, e2, e3}\{ei }.
By the hypothesis, the sizes of f1, f2 and f3 are greater than 4. Let hi (i = 1, 2, 3) be
the face of G, whose boundary contains vi but different from f1, f2 and f3 (see Fig. 6).

First we claim that h1, h2 and h3 are distinct. If not, suppose that h1 = h2 without
loss of generality. Let e4 and e5 be the two edges of h1 ∩ f3 which take v1 and v2 as one
of their ends, respectively (see Fig. 6a). Since f3 is neither a triangular nor a square, e4
and e5 are disjoint. Then the v1 −v2 segment of h1 through e4 and e5 has internal verti-
ces. Hence, {e4, e5} is an edge cut of G. This is a contradiction, since G is 3-connected.

Then we claim that h1, h2 and h3 are pairwise disjoint. If not, suppose that h1 and
h2 are adjacent. Let e4 and e5 be the two edges of h1 ∩ f3 and h2 ∩ f3 which take v1
and v2 as one of their ends, respectively (see Fig. 6b). As before, e4 and e5 are disjoint.
Let e6 be an edge of h1 ∩ h2. Then {e4, e5, e6} forms an edge cut with size three in
which e4 and e5 are disjoint. By Lemma 3.1, this is impossible.

Hence, h1, h2 and h3 are three pairwise disjoint distinct faces of G. Then v is an
isolated vertex of G − (h1 ∪ h2 ∪ h3). This contradicts the 3-resonance of G. ��
Lemma 3.3 If there are three squares of G sharing a common vertex, then G ∼=
C4 × K2.

Proof Suppose that G contains a subgraph H consisting of three pairwise adjacent
squares f1, f2 and f3. Let e1, e2 and e3 be the three edges incident to f1, f2 and f3,
respectively, but not in H . Suppose that e1, e2 and e3 are not incident to the same ver-
tex. Then |V (G− H)| = n > 1 and |E(G− H)| = 3n−3

2 = n−1+ n−1
2 > n−1. Thus

there are cycles in G− H . Then {e1, e2, e3} is a cyclical 3-edge cut set, which is impos-
sible. Therefore, e1, e2 and e3 are incident to the same vertex. Hence G ∼= C4 × K2.

��
We call the graph Pn × K2 (n � 2) a square chain. Let L = Pn × K2 for n � 2.

We use ‖L‖ to denote the number of squares (4-faces) of L . Then ‖L‖ = n − 1.
Especially, if ‖L‖ is odd (resp. even), we call L an odd (resp. even) square chain.
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Fig. 7 A square chain P6 × K2

Let v1, v2, u1, u2 be the four 2-degree vertices of a square chain L = Pn × K2.
Suppose that the shortest v1 − v2 path and u1 − u2 path are the two Pn layers and the
shortest v1 − u1 path and v2 − u2 path are two layers of K2 (see Fig. 7). Denote the
shortest v1 − v2 path, u1 − u2 path, v1 − u1 path and v2 − u2 path by P1

L , P2
L , K 1

L and
K 2

L , respectively. Then P1
L ∪ P2

L ∪ K 1
L ∪ K 2

L forms a cycle bounding L . Let F be a face
of G. Denote the boundary of F by ∂(F). Since G is 3-connected with cλ(G) = 4, at
most one of

{
P1

L , P2
L , K 1

L , K 2
L

}
is a subgraph of ∂(F).

Theorem 3.4 If G is k-resonant (k � 3), then G ∼= G0 or G ∼= C2n × K2(n � 2) or
V (G) is covered by a set of disjoint odd square chains.

Proof If G has three squares sharing a common vertex, then by Lemma 3.3 G ∼=
C4 × K2. If G contains a subgraph isomorphic to C2n × K2, then G ∼= C2n × K2.
Then we only need to consider the case that vertices of G are covered by all the
maximal square chains L = {L0, L1, . . . , Lt } (t � 1). If there is an edge connecting
two vertices of two maximal square chains Li and L j (i �= j), respectively, then it is
denoted as Li ↔ L j .

Suppose that there is an even maximal square chain L0 consists of squares
h1, h2, . . . , h2n (n � 1) consecutively. Let v1, v2 be the two end vertices of P1

L0

and u1, u2 the two end vertices of P2
L0

. Then u1, u2, v1, v2 are the four 2-degree ver-
tices of L0. Since G does not have odd cycles, u1u2, v1v2 /∈ E(G). Let F1 and F2 be
two faces of G such that P1

L0
⊂ ∂(F1) and P2

L0
⊂ ∂(F2). Let e1, e2 be the common

edges of h1 and F1, F2, respectively. We assert that F1 ∩ F2 = ∅. Suppose not, let
e3 be a common edge of F1 and F2. Then {e1, e2, e3} is an edge cut of G with two
disjoint edges e1 and e2. This is a contradiction by Lemma 3.1. Hence F1 ∩ F2 = ∅.

Claim 1 Each of F1 and F2 is incident to at most two chains in L.

Proof Suppose to the contrary that one of F1 and F2, say F1, is adjacent to at least
two other square chains in L except L0. Let L1 and L2 be the two closest square
chains from L0 which are incident to F1. Then L0 ↔ L1 and L0 ↔ L2. Let w1 be
the neighbor of u1 on L1 and f1 the square of L1 containing w1. Label the other three
vertices of f1 by w2, w3, w4 (see Fig. 8). Let f2 be the square of L2 containing the
neighbor of u2 on L2.

Since L1, L2, . . . , Lt are pairwise disjoint, f1 and f2 are disjoint. On the other
hand, we assert that f1 and F2 are disjoint. Since F1 ∩ F2 = ∅, w1w4 /∈ ∂(F2)

and w2w3 /∈ ∂(F2). If w3w4 ∈ ∂(F2), then since G is planar, ∂(F2) − P2
L0

− w3w4
consists of a v1 − w4 path and a v2 − w3 path. If the v1 − w4 path contains internal
vertices, then the two end edges of the v1 − w4 path form a 2-edge cut set. This is
impossible. But if the v1 − w4 path does not contain internal vertices, then the union
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Fig. 8 The illustration for the
proof of Claim 1 of Theorem 3.4

Fig. 9 The illustration for the
proof of Claim 2 of Theorem 3.4

of v1u1, u1w1, w1w4, w4v1 form a square adjacent to L0 and L1. This is a contradic-
tion to the fact that L0 is a maximal square chain. Hence F2 ∩ f1 = ∅. Similarly,
F2 ∩ f2 = ∅.

Then G − f1 − f2 − F2 has an odd component P1
L0

. That is a contradiction to the
3-resonance of G. The claim is proved. ��

By Claim 1, F1 is incident to exactly one other square chain in L, say L1. If
K s

L1
⊂ ∂(F1) for some s ∈ {1, 2}, then ∂(F) is an odd cycle, a contradiction to the

bipartiteness of G. Hence, we may assume P1
L1

⊂ ∂(F1). Since ‖L0‖ is even and G is

bipartite, ‖L1‖ must be even. If F2 is also incident to L1, then P2
L1

⊂ ∂(F2) similarly.
Hence the face whose boundary contains v1u1 but different from h1 is a square not in
L0. Thus L0 is not a maximal square chain. This is a contradiction.

Hence, F2 is not incident to L1. Let F3 be the face of G such that P2
L1

⊂ ∂(F3).

Also, by the bipartiteness of G, K 1
L0

, K 2
L0

� ∂(F3). Hence, F3 and L0 are disjoint.

If ‖L0‖ � 4, then h1 and h2n are disjoint. Hence G − h1 − h2n − F3 leaves P1
L1

as
an odd component (see Fig. 9). This is a contradiction. Thus we have ‖L0‖ = 2.

Since G is a cubic polyhedral graph, G is the graph as shown in Fig. 10.

Claim 2 t = 2.

Proof If t = 1, then G ∼= C6 × K2 and L1, L2 are not maximal. If t � 3, then
G − f1 − f2 − f3 contains an odd component with the five vertices in black, where
f1, f2 and f3 are chosen as shown in Fig. 10. Hence t = 2. ��

By the above claims, if G has an even maximal square chain, then G ∼= G0.
Otherwise, V (G) is covered by a set of disjoint odd square chains. ��

On the other hand, there is a sufficient condition for cubic bipartite polyhedral
graphs to be k-resonant, which was proved in [19].
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Fig. 10 The illustration for the
proof of Claim 3 of Theorem 3.4

Lemma 3.5 ([19]) Let G be a 2-connected cubic plane bipartite graph. If all the ver-
tices of G are covered by a set of disjoint faces of size 4, then every set of disjoint faces
of G forms a resonant pattern.

Hence, if G is a cubic bipartite polyhedral graph with a set of disjoint squares
covering all its vertices, then G is maximally resonant. Consequently we have the
following result.

Theorem 3.6 A cubic bipartite polyhedral graph G with cλ(G) = 4 is maximally
resonant if and only if G ∼= G0 or V (G) is covered by a set of disjoint squares.

Proof It is easy to verify that G0 is k-resonant (k � 1). If V (G) is covered by a set
of disjoint squares, then by Lemma 3.5, it is k-resonant (k � 1).

Conversely, suppose G is a cubic bipartite polyhedral graph G with cλ(G) = 4 and
it is maximally resonant. Then by Theorem 3.4, G ∼= G0 or G ∼= C2n × K2 or V (G)

is covered by a set of disjoint odd square chains. In the latter two cases, it is easy to
see that G contains a set of disjoint squares covering V (G). ��

The graphs in Fig. 11 are cubic bipartite polyhedral graphs with cyclical edge con-
nectivity 4. Moreover their vertices can be covered by sets of disjoint squares (squares
inserted within black points). Hence, by Theorem 3.6, they are k-resonant for any
k � 1. In fact, for a cubic bipartite polyhedral graph G with cλ(G) = 4, if it is
not isomorphic to Tn (n � 1), G0 or C2n × P2 (n � 2), then to decide its maximal

Fig. 11 Cubic bipartite polyhedral graphs with cyclical edge connectivity 4, whose vertices are covered
by sets of disjoint squares (inserted within black points)
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resonance we only need to find out all its maximal square chains and decide whether
the maximal square chains are all odd.

The relation of 3-resonance and maximal resonance holds not only for boron-nitro-
gen fullerene graphs but also for the general cubic bipartite polyhedral graphs by
Theorems 2.1, 3.4 and 3.6. So we have the following corollary.

Corollary 3.7 Let G be a cubic bipartite polyhedral graph. Then G is maximally
resonant if and only if G is 3-resonant.

Remarks 3 is the smallest positive integer k such that a k-resonant cubic bipartite
polyhedral graph must be maximally resonant , since there are 2-resonant ones which
are not maximally resonant. Figure 10 provides an example (one can easily check that
the graph is 2-resonant).
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